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THE KA¨HLER-RICCI FLOW AND QUANTITATIVE BOUNDS FOR
DONALDSON-FUTAKI INVARIANTS OF OPTIMAL
DEGENERATIONS
RYOSUKE TAKAHASHI
Abstract. In this short paper, we establish a lower bound for the Donaldson-Futaki
invariant of optimal degenerations produced by the Ka¨hler-Ricci flow in terms of the
greatest Ricci lower bound on arbitrary Fano manifolds. We discuss also the relation
to the infimum of H-functional.
1. Introduction
A central question in Ka¨hler geometry is which Fano manifolds admit Ka¨hler-Einstein
metrics. More precisely, Yau-Tian-Donaldson conjecture states that a Fano manifold
admits a Ka¨hler-Einstein metric if and only if it is K-polystable, i.e. the Donaldson-
Futaki invariant DF(X ) is non-negative for all special degenerations X and equality
holds if and only if X is product. This conjecture was resolved by Chen-Donaldson-Sun
[CDS15a, CDS15b, CDS15c] and Tian [Tia15].
In addition to the K-stability, several obstructions to the existence of Ka¨hler-Einstein
metrics have been studied. LetX be an n-dimensional Fano manifold. TheH-functional
[He16] is defined to be
H(ω) :=
∫
X
ρeρωn
for any Ka¨hler metric ω ∈ c1(X), where the Ricci potential ρ of ω satisfying
Ric(ω)− ω = √−1∂∂¯ρ,
∫
X
eρωn = V := (−KX)n.
By Jensen’s inequality, we have H(ω) > 0 and the equality holds if and only if ω is
Ka¨hler-Einstein. So the infimum infωH(ω) measures the deviation from X being K-
polystable. On the other hand, the greatest Ricci lower bound of X [Sze`11] is defined
to be
R(X) := sup
{
r ∈ [0, 1]
∣∣∣∣∃ω ∈ c1(X) such that Ric(ω) > rω}.
By [KMM92], we know that there is a uniform constant ε = ε(n) > 0 (which is in-
dependent of X) such that R(X) > ε. Also it was shown in [BBJ15, Li17] that the
equality R(X) = 1 holds if and only if X is K-semistable.
It is interesting to study the relation between these obstructions. Indeed, we can
prove the following:
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Theorem 1.1. For any n-dimensional Fano manifold X, we have
DF(Xa) > −1−R(X)
R(X)
nV,
where the Donaldson-Futaki invariant DF(Xa) is computed on the Q-Fano variety ad-
mitting a singular Ka¨hler-Ricci soliton (Y, ωY ,WY ), which arises as the unique sequen-
tial polarized Gromov-Hausdorff limit along the Ka¨hler-Ricci flow (X,ωt) starting from
any Ka¨hler metric ω0 ∈ c1(X) with non-negative scalar curvature.
We note that we can always take such an initial metric due to Calabi-Yau theorem
[Yau78]. Theorem 1.1 together with R(X) > ε implies a uniform bound DF(Xa) >
−F (n, V ). In particular, if X admits a Ka¨hler-Ricci soliton (ωX ,WX), by Theorem 1.1
and [DS16b, Corollary 4.3], we know that DF(Xa) coincides with the classical Futaki
invariant associated to the soliton vector field WX , and get a bound:
Fut(WX) := −
∫
X
|∂¯WX |2ωXωnX = DF(Xa) > −F (n, V ).
In general, it is conjectured in [PSS15] that a stronger bound (independent of V )
Fut(WX) > −F (n) holds for any n-dimensional Ka¨hler-Ricci solitons (X,ωX ,WX). The
ingredients that we need to prove Theorem 1.1 are the non-Archimedean descriptions
of energy functionals on the space of Ka¨hler metrics [BHJ17, BHJ19] and the resolution
of Hamilton-Tian conjecture [CW14] with several related results [CSW18, DS16b].
As a corollary we also obtain the following:
Corollary 1.2. For any n-dimensional Fano manifold X, we have
inf
ω∈c1(X)
H(ω) 6 1−R(X)
R(X)
nV. (1.1)
Corollary 1.2 is inspired by Hisamoto’s inequality [His19, Proposition 5.4]: if R(X) >
1/4pi, we have
inf
ω∈c1(X)
H(ω) 6 (1−R(X))nV. (1.2)
The inequality (1.2) was proved by using the relation between infωH(ω) and the supre-
mum of Perelman’s µ-functional (cf. [DS16b]). Although our inequality (1.1) is weaker
than (1.2), an advantage is that it holds without any restrictions for R(X). To prove
Corollary 1.2, we use the fact that the infimum infωH(ω) is equal to the (minus of)
H-invariant H(Xa) on the singular Ka¨hler-Ricci soliton (Y, ωY ,WY ) (see Section 3 and
[DS16b] for more details).
It seems to be difficult to compute DF(Xa) and H(Xa) directly since the soliton
vector field WY is determined as the (unique) critical point of a strictly convex function
on Lie(T ) (cf. [BN14]), and hence a transcendental object in nature, where T is a real
torus generated by the imaginary part of WY . On the other hand, the invariant R(X) is
computed explicitly in many specific cases (e.g. [Li11, Del17]). Also it is known that the
invariant R(X) is related to Berman-Fujitas’ δ-invariant δ(X) as R(X) = min{δ(X), 1}
[BJ18, Fuj16].
Acknowledgment. The author expresses his gratitude to Prof. Tomoyuki Hisamoto
for useful discussions on this paper.
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2. Preriminaries
Fix a Ka¨hler metric ω̂ ∈ c1(X). We start with the definitions and properties of
several functionals on the space of Ka¨hler potentials
H := {φ ∈ C∞(X;R)|ωφ := ω̂ +
√−1∂∂¯φ > 0}.
The Mabuchi functional, or K-energy is defined by its variation
δM(φ) := −
∫
X
δφ(Sφ − n)ωnφ ,
where Sφ denotes the scalar curvature of ωφ. The I and J-functionals are defined by
I(φ) :=
∫
X
φ(ω̂n − ωnφ),
δJ(φ) :=
∫
X
δφ(ω̂n − ωnφ).
For φ ∈ H we define the Ricci potential ρφ by
Ric(ωφ)− ωφ =
√−1∂∂¯ρφ,
∫
X
eρφωnφ = V,
and the H-functional by
H(φ) :=
∫
X
ρφe
ρφωnφ .
Next we review the non-Archimedean limits of M , I and J in the sense of [BHJ17,
BHJ19]. Here we will restrict our selves to special degenerations [Tia97]:
Definition 2.1. A special degeneration of X is a flat normal Q-Fano family pi : X → C,
together with a holomorphic vector field v on X , which generates a C∗-action on X
covering the standard action on C. In addition, the fiber Xτ is required to be isomorphic
to X for one, and hence all τ ∈ C∗.
For a special degeneration X , we consider the corresponding Hilbert and weight
polynomials
Nk = a0k
n + a1k
n−1 +O(kn−2),
wk = b0k
n+1 + b1k
n +O(kn−1).
Then the Donaldson-Futaki invariant is defined by
DF(X ) := n!(2b1 − nb0).
Also we define
(INA − JNA)(X ) := n!(−b0 + λmaxa0).
where λmax ∈ Q denotes the maximum weight of the C∗-action on X0 (indeed, the
functional I, J admits its own non-Archimedean limit INA, JNA respectively, but we
will not use their definitions here). The functional INA − JNA is also called minimum
norm of X (cf. [BHJ17, Remark 7.12], [Der16, Section 2.1]). Let us consider also the
analytic aspects of these functionals. We choose a smooth Ka¨hler metric ω0 ∈ c1(X0),
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i.e. it is the restriction of a smooth metric under a projective embedding of X0. We
define its Ricci potential ρ0 by
Ric(ω0)− ω0 =
√−1∂∂¯ρ0,
∫
X0
eρ0ωn = V.
So the function ρ0 is continuous on X0 and smooth on X0,reg. Assume ω0 is Im(v)-
invariant and let θ0 be a Hamiltonian for the induced holomorphic vector field v on X0.
Then we have
DF(X ) = −
∫
X0
θ0e
ρ0ωn0 +
∫
X0
θ0ω
n
0 ,
(INA − JNA)(X ) = −
∫
X0
θ0ω
n
0 + V maxX0
θ0.
Actually, we should take a resolution p : X˜0 → X0 and compute the algebraic Futaki
invariant on X˜0 with respect to the polarization p∗(−kKX0) for a large divisible k,
using the (equivariant) Riemann-Roch formula by a smooth background metric (cf.
[CDS15c, Section 4]). In order to deal with the maximum weight λmax, we should take
ω0 = k
−1ωFS so that v has the Hamiltonian function
θ0 =
∑
i λi|Zi|2∑
i |Zi|2
for some suitable homogeneous coordinates {Zi} (as in the proof of [DS16a, Lemma
12]). Since X0 is not contained in any hyperplanes, we can take x0 ∈ X0\{Zmax = 0}
and consider the gradient flow of θ0 starting from x0 on PNk−1. Since X0 is compact
and invariant under the Hamiltonian action of v, the flow converges to a limit point
x∞ ∈ X0 where
max
X0
θ0 > θ0(x∞) = λmax = max
PNk−1
θ0.
Then a consequence from [BHJ17, BHJ19] is that
Theorem 2.2. Let X be a special degeneration of X and {φt} ⊂ H be an associated
geodesic ray, then we have
lim
t→∞
M(φt)
t
= DF(X ), lim
t→∞
(I − J)(φt)
t
= (INA − JNA)(X ).
On the other hand, the H-functional does not have such an non-Archimedean de-
scription for a certain energy functional. However according to [DS16b], we define the
H-invariant H(X ) to be
H(X ) := 2n!b1 − (n+ 1)!b0 + V lim
k→∞
log
(
1
Nk
Nk∑
i=1
e
λk,i
k
)
,
where λk,i denotes the weight of C∗-action on H0(X0,−kKX0) generated by v. As shown
in [DS16b, Proposition 2.12], the H-invariant also has an analytic description
H(X ) = −
∫
X0
θ0e
ρ0ωn0 + V log
(
1
V
∫
X0
eθ0ωn0
)
.
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By Jensen’s inequality, one can observe that DF(X ) 6 H(X ) with equality if and only
if X is trivial (cf. [DS16b, Lemma 2.5]).
Finally, we remark on R-degenerations, a generalization of the notion of a test con-
figuration using the language of filtrations [DS16b]. Let Z be an arbitrary projective
variety with ample line bundle L→ Z. We define the graded coordinate ring
R(Z,L) :=
⊕
k>0
H0(Z, kL).
We write Rk = H
0(X, kL) for simplicity.
Definition 2.3. An R-indexed filtration {F λRk}λ∈R consists of the data satisfying for
each k
• F is decreasing: F λRk ⊂ F λ′Rk if λ > λ′.
• F is left-continuous: F λRk = ∩λ′<λF λ′Rk.
• F λRk = 0 for sufficiently large λ and F λRk = Rk for sufficiently small λ.
• F satisfies the multipricative property:
F λRk ·Rλ′Rk′ ⊂ F λ+λ′Rk+k′
for all λ, λ′ ∈ R and k, k′ > 0.
The associated graded ring of the filtration is defined to be
grF λR(Z,L) :=
⊕
k>0
⊕
i
F λk,iRk/F
λk,i+1Rk,
where the λk,i are values of λ where the filtration of Rk is discontinuous.
Definition 2.4. An R-degenration for (Z,L) is a filtration of R(Z,mL) for some in-
teger m > 0, whose associated graded ring is finitely generated.
For a given R-degeneration, let R¯ be the associated graded ring of the filtration and
set Z0 := ProjZ0. Then the filtration gives a (possibly irrational) real one-parameter
family which acts on F λk,iRk/F
λk,i+1Rk by multiplying the factor τ
λk,i . We may assume
that we have an embedding of Z0 to a projective space PN−1 with N := dimH0(Z,L).
Then the real one-parameter group is given by a projective automorphisms etΛ which
preserves Z0, where Λ := diag(λ1,1, . . . , λ1,N) is a diagonal matrix. In addition, we also
have an embedding Z ↪→ PN−1 so that limt→∞ etΛ · Z = Z0 in the Hilbert scheme.
By taking the closure of {e
√−1tΛ|t ∈ R} in U(N), we obtain a real torus T ⊂ U(N)
acting on Z0. So the action of e
tΛ corresponds to a choice of ξ ∈ t := Lie(T ). Then
as discussed in [CSW18], we can take a sequence of C∗-subgroup ν` in the complexified
torus TC with limτ→0 ν`(τ) · Z = Z0 and ξ` → ξ as ` → ∞, where ξ` denotes the
infinitesimal generator of ν`. In this way, we can approximate any R-degeneration by
test configurations. Moreover, for ξ ∈ t and s ∈ C, we define the weight character by
C(ξ, s) :=
∑
k>0,α∈t∗
e−skα(ξ) dim R¯k,α,
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where R¯k,α denotes the components of the C∗×TC-action on R¯ defined by the k-grading
and TC-action on R¯. Then C(ξ, s) has a Laurent series expansion as
C(ξ, s) =
b0(n+ 1)!
sn+2
+
b1(n+ 2)!
sn+1
+O(s−n),
where the coefficients b0, b1 are smooth in ξ, and coincide with b0, b1 which appear in the
asymptotic expansion of the total weight wk when ξ is rational. Also a transcendental
term limk→∞N−1k
∑Nk
i=1 e
λk,i/k in the H-invariant admits a continuous extension for ξ ∈
t. So from the algebraic descriptions of each invariant, we can extend DF, INA − JNA
and H to be continuous under this approximation procedure (see [DS16b, Section 2.2]
for more details).
3. Proof of Theorem 1.1
Now we give the proof of Theorem 1.1.
Proof of Theorem 1.1. First we take a Ka¨hler metric ω0 ∈ c1(X) with Sω0 > 0. We
consider the normalized Ka¨hler-Ricci flow starting from ω0:
d
dt
ωt = −Ric(ωt) + ωt.
The evolution of scalar curvature along the flow (for instance, see [Ive93]) is given by
d
dt
Sωt = ∆ωtSωt + |Ric(ωt)|2 − Sωt .
The maximum principle shows that we have Sωt > 0 for all positive time. We use the
following, due to Chen-Wang [CW14] and Chen-Sun-Wang [CSW18]:
Theorem 3.1. Let (X,ωt) be the solution of the Ka¨hler-Ricci flow. Then the sequential
polarized Gromov-Hausdorff limit of (X,ωt) as t→∞ is a Q-Fano variety Y , indepen-
dent of choice of subsequences, which admits a singular Ka¨hler-Ricci soliton ωY with
soliton vector field WY . Moreover, this convergence is improved to be in C
∞-Cheeger-
Gromov topology away from the singular set Ysing. Assume that WY 6= 0. Then there
exists a “two-step” R-degeneration from X to Y , i.e. an R-degeneration Xa for X with
Q-Fano central fiber X¯, and an R-degeneration Xb for X¯ with central fiber Y . The cor-
responding one-parameter subgroup of automorphisms on Xb is induced by the soliton
vector field WY on Y .
Applying Theorem 3.1 to our flow (X,ωt), we obtain R-degenerations Xa and Xb as
above. Without loss of generality, we assume that Xa and Xb are special degenerations
(For general case, we simply approximate R-degenerations by test configurations and
use the continuity for DF, INA−JNA and H). As shown in the proof of [CSW18, Lemma
3.4, Proposition 3.5], the weight decompositions of H0(X¯,−kKX¯) and H0(Y,−kKY )
are isomorphic for all sufficiently large and divisible k. Hence we we have
H(Xa) = H(Xb), DF(Xa) = DF(Xb), (INA − JNA)(Xa) = (INA − JNA)(Xb)
by using algebraic descriptions for each invariant (where one can define the invariants
H(Xb), DF(Xb) and (INA−JNA)(Xb) in an obvious way). Let ρY be the Ricci potential
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of ωY normalized by
∫
X
eρY ωnY = V . Taking the trace we have
SωY − n = ∆ωY ρY .
Applying LWY to Ric(ωY )− ωY = LWY ωY we have√−1∂∂¯(∆ωY ρY + ρY + |∂¯ρY |2ωY ) = 0
on Yreg. Since Y is normal, we also get
∆ωY ρY + ρY + |∂¯ρY |2ωY = c.
We know that ρY extends to a continuous function on Y . Also we know that ∇ρY
is bounded and the Minkowski codimension of Ysing strictly greater than 2. It follows
that integrating by parts works well since we can take an exhaustive K ⊂ Yreg with the
volume of Y \K being small as well as we please (see the proof of [CSW18, Proposition
3.6] and [DS16b, Lemma 3.5, Theorem 4.2]). However we note that these regularity
results do not imply that the metric ωY is smooth in the sense of Section 2. Anyways,
we can detect the constant c as
cV =
∫
Y
ρY e
ρY ωnY = −H(Xb), (3.1)
and also
DF(Xb) =
∫
Y
ρY ω
n
Y +H(Xb), (3.2)
where the last equality of (3.1) was shown in the proof of [DS16b, Theorem 3.2]. To
prove (3.2), we used also the fact that the invariant DF(Xb) arises as the limit derivative
of Ding functional along the flow generated by WY (cf. [BN14]). In particular, (3.1)
and (3.2) imply that for any smooth metric ω0 ∈ c1(Y ) with Hamiltonian θ0 w.r.t. WY
normalized by
∫
Y
eθ0ωn0 = V , we have∫
Y
ρY ω
n
Y =
∫
Y
θ0ω
n
0 .
To deal with maxY ρY , we need an interpretation of Hamiltonians in terms of a lifted
action on a line bundle and its holomorphic sections. Let J be a complex structure on
Yreg, hY a continuous fiber metric on the Q-line bundle −KY with curvature ωY and ∇Y
the compatible connection arising as the sequential polarized Gromov-Hausdorff limit
along the Ka¨hler-Ricci flow (X,ωt) in the sense of [DS14]. Also there are a positive
integer k (depending only on (X,ω0)) such that we have an embedding of Y ↪→ PN−1
by L2-orthonormal sections (s1, . . . , sN) of H
0(Y,−kKY ) w.r.t. hY . We may let k = 1
for simplicity, and further assume that si’s are eigensections with weights λi w.r.t. the
infinitesimal VY -action, where VY denotes the real part of WY (see also [CSW18, Section
3.2]). We know that the JVY -action on H
0(Y,−KY ) has the following expression (cf.
[Kob95]):
R(s) :=
d
dt
exp(tJVY ) · s|t=0 =
√−1ρY s−∇YJVY s, s ∈ H0(Y,−KY ) (3.3)
on Yreg. Since ρY and R(s) are continuous (here we used the fact that the JVY -action
on holomorphic sections is compatible with the projective embedding of Y ), we can
extend the derivative in the vertical direction
√−1ρY s as well as horizontal direction
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−∇YJVY s as a continuous section of −KY over Y . This together with the continuity of
hY shows that the equality√−1λi|si|2hY =
√−1ρY |si|2hY − (∇YJVY si, si)hY
holds on Y (where we note that the real part of (∇YJVY si, si)hY actually vanishes since
the function |si|2hY is invariant under the JVY -action). Now we repeat the argument in
Section 2 to find a point x ∈ Y such that:
• sN(x) 6= 0 for the eigensection sN corresponding to the maximum weight λN =
λmax.
• si(x) = 0 whenever λi < λN .
• WY |x = 0 where we regard WY as a holomorphic vector field on PN−1.
Moreover, since x is a fixed point of JVY -action, the derivative in the horizontal direction
vanishes at x (in other words, JVY acts on the fiber of x with weight
√−1ρY (x)). So
we have
(∇YJVY sN)(x) = 0. (3.4)
We remark that if x is a regular point of Y , we get (3.4) immediately from the third
property WY |x = 0. In general case, it seems to be difficult to prove the continuity
of ∇YJVY sN and (3.4) without the formula (3.3) since the connection ∇Y is intrinsic,
defined only on Yreg. Anyways, we have
λmax 6 ρY (x) 6 max
Y
ρY ,
which is enough to prove our statement.
By Sωt > 0 and C∞-Cheeger-Gromov convergence of the Ka¨hler-Ricci flow away from
Ysing, we have SωY > 0 on Yreg. So we have
ρY 6 SωY + |∂¯ρY |2ωY + ρY
6 ∆ωY ρY + |∂¯ρY |2ωY + ρY + n
= n− 1
V
H(Xb)
on Yreg. Since ρY is continuous, the above inequality actually holds on Y . Let R(X) be
the greatest lower bound of the Ricci curvature on X. From [Sze`11] we know that for
any r ∈ (0, R(X)) the twisted Mabuchi functional M + (1 − r)(I − J) is coercive. By
taking the non-Archimedean limit we have
DF(Xa) + (1− r)(INA − JNA)(Xa) > 0.
Thus
DF(Xa) > (1− r)
[ ∫
Y
ρY ω
n
Y − V max
Y
ρY
]
> (1− r)(DF(Xa)−H(Xa) +H(Xa)− nV )
= (1− r)(DF(Xa)− nV ),
and hence
DF(Xa) > −1− r
r
nV.
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By letting r ↗ R(X), we finish the proof. 
Proof of Corollary 1.2. We know that the R-degeneration Xa (constructed by Theorem
3.1) is optimal in the following sense:
Theorem 3.2 ([DS16b], Theorem 1.2). We have
inf
ω∈c1(X)
H(ω) = sup
X
(−H(X )),
where the supremum of the RHS is taken over all special degenerations, and equal to
−H(Xa).
So Corollary 1.2 is a direct consequence from Theorem 1.1, Theorem 3.2 and the
inequality DF(Xa) 6 H(Xa). 
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